Thermodynamic properties of β-HMX crystal are investigated using the quasi-harmonic approximation and density functional theory within the local density approximation (LDA), generalized gradient approximation (GGA), and GGA + empirical van der Waals (vdW) correction. It is found that GGA well describes the thermal expansion coefficient and heat capacity but fails to produce correct bulk modulus and equilibrium volume. The vdW correction improves the bulk modulus and volume, but worsens the thermal expansion coefficient and heat capacity. In contrast, LDA describes all thermodynamic properties with reasonable accuracy, and overall is a good exchange-correlation functional for β-HMX molecular crystal. The results also demonstrate significant contributions of phonons to the equation of state. The static calculation of equilibrium volume for β-HMX differs from the room-temperature value incorporating lattice vibrations by over 5%. Therefore, for molecular crystals, it is essential to include phonon contributions when calculated equation of state is compared with experimental data at ambient condition.
I. INTRODUCTION
The knowledge of thermodynamic properties of energetic materials at high temperature and pressure is critical to fundamental understanding of their explosion and other processes. [1] [2] [3] Due to the experimental challenge in measuring these properties of energetic molecular crystals; however, our knowledge about their properties at high pressure and temperature is still very limited. It is thus highly desirable to establish a reliable theoretical scheme 4 to calculate the thermodynamic properties of energetic molecular crystals.
Density functional theory (DFT) (Refs. 5 and 6) has widely been applied to the study of condensed-phase materials because of its reasonable accuracy and high computational efficiency. In contrast to its success in electronic structure of metals and covalently bonded semiconductors, however, DFT calculations have not demonstrated a similar success in predicting basic properties such as the lattice constants and equilibrium volume of molecular crystals. For example, DFT calculations with generalized gradient approximation (GGA) or local density approximation (LDA) for the exchange-correlation functional usually overestimate or underestimate the equilibrium volume of energetic materials by more than 10%. [7] [8] [9] [10] [11] [12] The failure of DFT with GGA in molecular crystals is often ascribed to its inadequacy in describing the disperse interaction. As a result, there is great interest in improving GGA calculations by incorporating van der Waals (vdW) corrections. [13] [14] [15] [16] Although DFT calculations fail to predict the lattice constants of energetic molecular crystals, they are able to describe their vibrational properties reasonably well. 7, [17] [18] [19] [20] [21] [22] These results suggest that DFT may be able to describe well the thermodynamic properties of these energetic materials.
The predictive power of DFT calculations combined with the quasi-harmonic approximation (QHA) for thermodynamic properties has been proven widely for crystals with metallic, covalent, or ionic bonds. [23] [24] [25] However, it is still not established how well the DFT + QHA approach predicts the thermodynamic properties of energetic molecular crystals. Since the equilibrium volume of molecular crystals depends critically on the exchange-correlation functional, it is of urgent importance to establish which exchange-correlation functional between LDA or GGA is better for calculating the thermodynamic properties of the energetic materials. It has been shown that an empirical vdW correction works well in predicting the volume of energetic molecular crystals. What is then the effect of the empirical vdW correction on the thermodynamic properties of the energetic materials?
To answer these questions, here we investigate the thermodynamic properties of a representative energetic molecular crystal, β-HMX (octahydro-1,3,5,7-tetranitro-1,3,5,7-tetrazocine), with DFT combined with QHA. HMX is an important energetic material used in many propellant and explosive applications. HMX crystal exists in several polymorphs, with β-HMX stable at ambient condition. 26, 27 HMX crystals have been extensively investigated by a variety of experimental methods and first-principles calculations. 8, 9, 19, 20, 22, [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] To our surprise, although LDA and GGA calculations have predicted a totally different equilibrium volume of β-HMX, 9, 61 with difference of nearly 30%, both LDA and GGA describe the thermal expansion coefficient and heat capacity quite well. Furthermore, LDA also predicts the bulk modulus well. Although the empirical vdW correction used here significantly improves the equilibrium volume and bulk modulus estimated by GGA for β-HMX, it substantially deteriorates the estimates of other thermodynamic properties such as thermal expansion and heat capacity. In the following, we systematically compare the thermodynamics properties of β-HMX calculated by the DFT + QHA approach using LDA, GGA, and GGA with van der Waals correction (GGA + vdW).
II. CALCULATION DETAILS
The calculations are performed using the Quantum Espresso software for DFT calculations based on the planewave basis and pseudopotentials. 64 The plane-wave cutoff energy (E cut ) of 30 Ry is found sufficient to obtain the converged results. Brillouin-zone summations over electronic states are performed over 2 × 2 × 2 (2 points) k mesh with (1/2, 1/2, 1/2) shift from the origin. The Vanderbilt ultrasoft pseudopotentials are generated for C, N, H, and O. 65 For the exchangecorrelation functional, we use LDA (Refs. 66 and 67) and GGA by Perdew, Burke, and Ernzerhof (PBE). 68 vdW correction is included using an empirical method proposed by Grimme. 13, 69 The empirical dispersion correction for the energy is given by
where C i j and R i j denote the dispersion coefficient and the interatomic distance between the ith and jth atoms, s 6 is a global scaling factor that only depends on the density functional used. A damping function,
, is introduced to ensure that the dispersion correction is negligible for small R i j . For the parameters in Eq. (1) above, see Eq. (11) and Table I in Ref. 69 , where the parameters for most of the elements can be found. 69 Structural optimizations, with and without vdW correction, are achieved using the damped variable cell shape molecular dynamics method. 70 For each fully optimized structure, dynamical matrices are computed on 2 × 2 × 2 q (wave vector) mesh based on the density functional perturbation theory (DFPT), 23 which are modified by incorporating the vdW contribution, if the structure has been optimized with the vdW correction. The results are then interpolated in a regular 8 × 8 × 8 q mesh to obtain the vibrational density of states.The Helmholtz free energy in the quasi-harmonic approximation is given by
where q is a wave vector in the first Brillouin zone, j is an index of phonon mode with frequency j (q, V ), V and T are the volume and temperature of the system, and k B and are the Boltzmann and Planck constants. The first, second, and third terms in Eq. (2) are the static internal, zero-point, and vibrational energy contributions, respectively. The calculated Helmholtz free energy versus volume is fitted by the third-order Birch-Murnaghan finite strain equation of states, 71 which in turn is used to derive all thermodynamic properties.
III. RESULTS AND DISCUSSION
A. Lattice structure β-HMX crystal has monoclinic structure with space group P2 1 /c, where each unit cell has two molecules as shown in Fig. 1 . This crystal has been investigated using DFT with various exchange-correlation functional. 9, 20, 52, 58, 72 The calculated lattice parameters are listed in Table I along with experimental values. GGA calculation overestimates the equilibrium volume by 17%, while LDA underestimates it by 11%. The lattice constants along the three crystal axes are overestimated by GGA by a similar amount of about 5%, while the underestimation of the lattice constants by LDA is prominent along the b axis. Similar to what was reported for another energetic molecular crystal, cyclotrimethylene trinitramine (RDX), the empirical vdW correction proposed by Grimme 13, 69 works well in reducing the overestimation by GGA in lattice parameters of β-HMX. Namely, the volume difference from the experimental value reduces to less than 0.5% when the vdW correction is included.
Here, it should be noted that the lattice parameters of β-HMX at 0 GPa deviates widely among various GGA calculations. Our GGA calculation is consistent with a previous GGA calculation by Bryd et al., 9 which shows similar overestimation of lattice parameters. In contrast, other GGA calculations by Conroy et al., 72 and Zhu et al. 20 exhibit a much smaller overestimation in lattice parameters. In fact, the GGA result by Zhu et al. 20 is very close to the experimental value. This divergence is likely due to a numerical convergence issue among different ways of calculating the lattice parameters, as shown below. In this work, we first obtain V 0 (the volume at zero pressure) based on the energy-volume (E-V) curve, and then obtain the lattice parameters corresponding to V 0 by interpolation. Conroy et al. 72 and Zhu et al., 20 on the other hand, directly obtained lattice parameters by relaxing the structure as well as the unit-cell shape at zero pressure. In principle, both approaches should give the same result, but actual FIG. 1. Crystal structure of β-HMX. Carbon, nitrogen, oxygen, and hydrogen atoms are shown in black, blue, red, and green, respectively. TABLE I. The lattice parameters, unit cell volume V, and bulk modulus of β-HMX from calculation at 0 GPa and experiment at ambient condition. The number in parenthesis shows the deviation from the experimental value. results using a finite energy cutoff can be significantly different, especially for materials with a small bulk modulus such as molecular crystals. For example, the lattice parameters relaxed at zero pressure with E cut = 30 Ry in this study also agree very well with the experimental data, with the volume difference between calculation and experimental result less than 2%. However, the equilibrium volume from E-V curve is 17% larger than the experimental value (see GGA static in Table I ). Namely, the two different approaches produce a volume difference of more than 10%. We have also observed similar effects in other energetic molecular crystals: RDX, pentaerythritol tetranitrate (PETN), and triaminotrinitrobenzene (TATB).
We have identified the cause of the divergence between the two lattice-parameter calculation methods: through E-V curve fitting and direct unit-cell relaxation. Namely, the stress calculation involved in the latter method requires much larger E cut than that required for convergent total-energy calculation used in the former. Specifically, E cut of 30 Ry in this calculation is sufficient to obtain the converged E-V curve, and increasing E cut from 30 to 50 Ry does not produce any noticeable change in the estimated V 0 . On the other hand, the same increase of E cut significantly modifies the lattice parameters relaxed at zero pressure. 8, 9, 55 Note that the volume difference due to stress error is given by V/V = − P/K, where K is the bulk modulus. For crystals with the bulk modulus larger than 100 GPa, failure in converging the stress within ∼1 GPa does not cause a serious problem, and the lattice parameters obtained by the two ways are the same to within 1%. However, the bulk modulus of an energetic molecular crystal is usually around 10 GPa, and stress error of ∼1 GPa causes a volume difference of about 10% in the lattice relaxation method. Thus, it is preferred to use the E-V curve to obtain V 0 for molecular crystals.
It is remarkable that, despite the lack of convergence in the lattice relaxation method using E cut = 30 Ry, its zeropressure structure agrees well with experimental data, including the lattice parameters, bond length, and bond angles. The calculated vibrational properties are also consistence with experimental data. This is true not only for β-HMX but also for RDX, PETN, and TATB. Therefore, these calculations can still provide useful information in spite of their nonconvergent stress. 20 This might be because the stress error and inadequacy of the functional in describing vdW interaction cancel each other out, as we will see in the subsequent section.
B. Vibrational and thermodynamic properties
The vibrational properties of β-HMX at zero pressure are listed in Tables II and III . The point group of β-HMX, C 2h , has four irreducible representations, A g , B g , A u , and B u . A g and B g modes have inversion symmetry and hence are Raman active. A u and B u change the sign under inversion and hence are infrared active. Although the volume difference between LDA and GGA is almost 30%, the corresponding frequency difference is insignificant (smaller than 3%) for modes with frequency >1000 cm −1 . Both LDA and GGA results agree well with the experimental data for these modes. However, for low-frequency modes, the LDA frequency is far larger than the GGA frequency, especially for modes with frequency <300 cm −1 . The experimental results are located between LDA and GGA results. The difference between GGA and GGA + vdW arises from two causes. One is the vdW effect on the volume at 0 GPa, and the other is the vdW correction on force constants. These effects are negligible for the high-frequency modes but are significant at low frequencies. GGA + vdW results are more consistent with experimental for all the modes measured. Our calculated results show similar insignificant split for most of modes. But for some lowfrequency modes, the split is larger than 5 cm −1 . The mode Grüneisen parameter, γ i,q , describes how the phonon frequency depends on the volume, is critical to computation of the thermodynamic properties. It is defined as
where i is the mode index and q is the wave vector in the reciprocal space. (Note that there is no thermal expansion within the harmonic approximation, becauseγ i,q = 0.) γ i in Tables II  and III are for q = 0 (gamma point), where γ i evidently depends on the mode frequency. For high-frequency modes, γ i is close to 0 because the length of strong molecular bonds in the molecular crystal is not sensitive to the volume change. On the contrary, low-frequency modes usually have a γ i far larger than 1. Tables II and III also list the integration of γ i over the first Brillouin zone:
High-frequency modes in some way are like Einstein modes, and their γ i and γ i are the same since their frequencies are almost independent of wave vector q. For low-frequency modes, LDA and GGA calculations exhibit vastly different behaviors. γ i and γ i are not much different with LDA, which means that the gamma point (q = 0) value γ i is a good representation of the integration of γ i,q over the first Brillouin zone. In contrast, in GGA calculations, γ i is only about 1/4-1/2 γ i . Therefore, thermodynamic properties derived from GGA calculations using only the gamma point are not converged. vdW correction only slightly increases γ i , and does not change the major feature that γ i is far smaller than γ i .
Thermal expansion coefficient (α) of β-HMX at 0 GPa is shown in Fig. 2 . In both LDA and GGA calculations, α These materials usually have a temperature T su , at which the superlinear behavior begins, which is far larger than 300 K. For MgO and Pt, the superlinear behavior has been identified as an artifact of QHA: it ignores the intrinsic anharmonicity, which causes α to deviate from the experimental value at T su . 25, 73 This is likely the cause of the superlinear behavior in α of β-HMX. The LDA and GGA results on α agree with experimental data. 30, 47 In contrast, α with vdW correction is far smaller than experimental data. Although vdW correction dramatically reduces the overestimation of the volume, it thus significantly deteriorates α.
Pressure has dramatic effects on α of β-HMX at low pressures. At 0 GPa, β-HMX has α far larger than most nonmolecular crystals. However, with increasing pressure, it becomes close to the general value of non-molecular crystals. As shown in Fig. 3 , α value from GGA is very sensitive to the pressure below 1 GPa and decreases rapidly to 5.4 at 1 GPa. The vibrational contribution to volume decreases from 7.5% at 0 GPa to 2.7% at 1 GPa, where 1.1% is from temperature contribution and the remaining 1.6% is from the zeropoint motion contribution. α from LDA also decreases rapidly with the pressure. Both LDA and GGA results are consistent with a high-pressure measurement, which shows unnoticeable volume expansion at 3 GPa between temperature 30 and 140
• C. 30 The deterioration of α estimation by vdW correction occurs only at low pressure, and α with vdW correction is close to the GGA result above 1 GPa. The GGA and GGA + vdW results are almost identical above 4 GPa. The vdW correction not only deteriorates α but also other thermodynamic properties such as heat capacity at constant pressure (C P ) as shown in Fig. 4 and listed in Table IV . C P calculated using GGA and LDA agrees well with the experimental data, 74, 75 whereas vdW correction decreases C P by 6 J/(mol K −1 ) at 300 K, worsening the agreement. Although LDA and GGA calculations produce consistent α and heat capacity, they have totally different bulk modulus as shown in Table IV . The table also lists experimental bulk modulus. There are two different ways to determine bulk modulus in experiments. One is by fitting the isotherm P-V curve. isothermal bulk modulus (K T ) determined this way is sensitive to the equation-of-states used and can vary by as much as 5 GPa using the same data. 76 The other way is 
). The difference between K S and K T is not big because of small K T and K S . Our calculation shows the difference is smaller than 1 GPa at ambient condition. The bulk modulus using the latter method agrees better with each other than the first method, and K S values range from 10 to 12.5 GPa. 49 The bulk modulus from LDA agrees well with these experimental data. In contrast, β-HMX described by GGA is too soft, which is largely improved by vdW correction.
As shown above, GGA is good at describing α and heat capacity, but fails to describe K T and V correctly. In comparison to GGA, LDA overall describes all the four properties reasonably. Since the thermal Grüneisen parameter, γ th , is determined by these properties through the relation,
where C V is the heat capacity at constant volume, γ th estimated by LDA should be reasonable as well. As shown in Fig. 5 , GGA gives γ th far smaller than the LDA value. Although the vdW correction increases γ th , it is still not enough to obtain an accurate γ th . γ th is a weighted average of the mode Grüneisen parameter, γ i . At low temperature, lowfrequency modes contribute more to γ th than high-frequency modes. As listed in Tables II and III, for low This explains why γ th from GGA is smaller than LDA. It is evident that GGA considerably underestimates γ i . Interestingly, because GGA also underestimates V K T (K T is smaller than 1/3 of the experimental value, see GGA 300 K in Table I) at the same time to cancel out this error, GGA can still describe α well. In contrast, vdW correction improves V K T dramatically but increases γ i only slightly. As a result, vdW correction worsens α from GGA. Therefore, in order to describe correct thermodynamic properties, vdW correction must significantly increase γ i from GGA calculation. Note that all dispersion coefficients in the empirical vdW method adopted here are fixed independent of the electron density distribution. In reality, the local electron density varies from atom to atom, and this should have effects on dispersion coefficients. Although this effect may change the phonon frequency itself only slightly, it may cause a dramatic change in γ i , i.e., the volume dependence of phonon frequency. Some vdW methods 14, 15 incorporating this effect are being developed, which could in future provide better estimates of all thermodynamic properties.
It should be noted that lattice vibration has significant effects on the volume of β-HMX at zero pressure, much more than in most crystals with ionic, metallic, covalent bonding. 73, 77 The volume expansion from 0 to 300 K is about 4% and 3% with GGA and LDA, respectively. The zero-point motion further contributes 3.5% and 1.8% volume expansion with GGA and LDA, respectively. In all, the FIG. 5. Thermal Grüneisen parameter (γ th ) of β-HMX at 0 GPa calculated using LDA, GGA, and GGA + vdW.
vibrational effects increase the volume at 0 GPa by 7.5% and 4.8% with GGA and LDA, respectively. Since experimental data show that other energetic materials such as RDX, 78 TATB, 79 PETN, 78 and nitrotriazolone (NTO) 80 also have similarly large α as β-HMX, we expect that the large vibrational contribution to volume may be common for all these energetic molecular crystals. This is in contrast to most other crystals like MgO, where the vibration contribution to volume is only 1%-2%. Consequently, for molecular crystals such as β-HMX, common practice of evaluating the exchangecorrelation functional by comparing static DFT calculation result with room-temperature experimental data is problematic. LDA is usually not preferred because it significantly underestimates the volume of most of molecular crystals with static calculation. However, after the vibrational effects are considered, the discrepancy between the volume predicted by LDA and experimental value is reduced considerably. For β-HMX, the volume discrepancy between LDA and experiment decreases from −11% to −6% when vibrational effects are included (see Table I ). Therefore, in contrast to common belief, LDA is a rather good exchange-correlation functional for predicting thermodynamic properties of molecular crystals.
IV. CONCLUSION
In conclusion, GGA well describes the thermal expansion coefficient (α) of β-HMX. This is remarkable given the fact that GGA dramatically underestimates the bulk modulus (K T ). Phonon calculation indicates that this is because the GGA also underestimates the mode Grüneisen parameter γ i , resulting in a small thermal Grüneisen parameter (γ th ). The underestimation in γ th and K T cancels each other, and accordingly GGA predicts α quite well. The empirical vdW correction resolves the underestimation of K T by GGA but only slightly increases γ th , making α from GGA + vdW too small. When compared with GGA and GGA + vdW, LDA satisfactorily describes all thermodynamic properties including α, K T , C P , and γ th .
Because molecular crystals like HMX have similar γ th and much smaller K T compared with other types of crystals, αs of molecular crystals are usually several times larger than αs of non-molecular crystals. Accordingly, the volume of molecular crystal changes significantly with temperature. Therefore, for molecular crystals like HMX, it is essential to consider phonon contributions to volume in evaluating the exchange-correlation functional. GGA calculations, which already overestimate the volume of β-HMX by 17% in static calculation, become worse after including phonon contributions. In contrast, LDA results become much better after including phonon contributions with volume difference at room temperature of only 6%. Given the fact that LDA can also describe the thermodynamic properties of β-HMX well, LDA turns out to be a considerably good exchange-correlation functional for β-HMX molecular crystal.
